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6 - GEOMETRIC CRYSTAL AT THE SPIN NODE
KAILASH C. MISRA AND SUCHADA PONGPRASERT
Abstract. Let g be an affine Lie algebra with index set I = {0, 1, 2, · · · , n}. It
is conjectured that for each Dynkin node k ∈ I\{0} the affine Lie algebra g has
a positive geometric crystal. In this paper we construct a positive geometric
crystal for the affine Lie algebra D
(1)
6 corresponding to the Dynkin spin node
k = 6.
1. Introduction
Let g be an affine Lie algebra [8] with Cartan datum {A,Π, Πˇ, P, Pˇ} and index
set I = {0, 1, · · · , n} where A = (aij)i,j∈I is the affine GCM, Π = {αi | i ∈ I}
is the set of simple roots, Πˇ = {αˇi | i ∈ I} is the set of simple coroots, P and Pˇ
are the weight lattice, and coweight lattice respectively. Let t = C⊗Z Pˇ , c, δ, and
{Λi | i ∈ I} denote the Cartan subalgebra, the canonical central element, the null
root and the set of fundamental weights respectively. Note that αj(αˇi) = aij and
Λj(αˇi) = δij and t = spanC{αˇi, d | i ∈ I} where d is a degree derivation. Then
P = ⊕j∈IZΛj ⊕ Zδ ⊂ t
∗, Pˇ = ⊕i∈IZαˇi ⊕ Zd ⊂ t and Pcl = P/Zδ is called the
classical weight lattice. The set P+ = {λ ∈ P | λ(αˇi) ∈ Z≥0 for all i ∈ I} (resp.
P+cl = {λ ∈ Pcl | λ(αˇi) ∈ Z≥0 for all i ∈ I}) is called the set of (affine) dominant
(resp. classical dominant) weights and we say that λ ∈ P+ or P+cl has level l = λ(c).
We denote (P+)l (resp. (P
+
cl )l) to be the set of affine (resp. classical) dominant
weights of level l. We denote t∗cl = t
∗/Cδ and (t∗cl)0 = {λ ∈ t
∗
cl | 〈c, λ〉 = 0}. We
also denote gi to be the subalgebra of g with index set Ii = I \ {i} which is a finite
dimensional semisimple Lie algebra. The Weyl group W of g is generated by the
simple reflections {si | i ∈ I}. The sets ∆, ∆+ , ∆
re := {w(αi)|w ∈ W, i ∈ I} and
∆re+ = ∆+ ∩∆
re are called the set of roots, postive roots, real roots and positive
real roots respectively. In this paper we will assume g to be simply laced which
implies that the affine GCM A = (aij)i,j∈I is symmetric.
Let g′ be the derived Lie algebra of g and let G be the Kac-Moody group asso-
ciated with g′([9, 16]). Let Uα := exp gα (α ∈ ∆
re) be the one-parameter subgroup
of G. The group G is generated by Uα (α ∈ ∆
re). Let U± := 〈U±α|α ∈ ∆
re
+ 〉 be
the subgroup generated by U±α (α ∈ ∆
re
+ ). For any i ∈ I, there exists a unique
homomorphism; φi : SL2(C)→ G such that
φi
((
c 0
0 c−1
))
= cαˇi , φi
((
1 t
0 1
))
= exp(tei), φi
((
1 0
t 1
))
= exp(tfi).
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where c ∈ C× and t ∈ C. Set αˇi(c) := c
αˇi , xi(t) := exp (tei), yi(t) := exp (tfi),
Gi := φi(SL2(C)), Hi := φi({diag(c, c
−1) | c ∈ C \ {0}}). Let H be the sub-
group of G generated by Hi’s with the Lie algebra t. Then H is called a max-
imal torus in G, and B± = U±H are the Borel subgroups of G. The element
s¯i := xi(−1)yi(1)xi(−1) ∈ NG(H) is a representative of si ∈ W = NG(H)/H .
The geometric crystal for the simply laced affine Lie algebra g is defined as
follows.
Definition 1.1. ([1],[14]) The geometric crystal for the simply laced affine Lie
algebra g is a quadruple V(g) = (X, {ei}i∈I , {γi}i∈I , {εi}i∈I), where X is an ind-
variety, ei : C
× × X −→ X ((c, x) 7→ eci(x)) are rational C
×-actions and γi, εi :
X −→ C (i ∈ I) are rational functions satisfying the following:
(1) {1} ×X ⊂ dom(ei) for any i ∈ I.
(2) γj(e
c
i (x)) = c
aijγj(x).
(3) {ei}i∈I satisfy the following relations :
ec1i e
c2
j = e
c2
j e
c1
i if aij = aji = 0,
ec1i e
c1c2
j e
c2
i = e
c2
j e
c1c2
i e
c1
j if aij = aji = −1,
(4) εi(e
c
i(x)) = c
−1εi(x) and εi(e
c
j(x)) = εi(x) if ai,j = aj,i = 0.
For fixed i ∈ I, let Gi be the reductive algebraic group with Lie algebra gi and
Bi,W i be its Borel subgroup, Weyl group respectively. We consider the flag variety
X i := Gi/Bi. For w ∈ W i, the Schubert cell X iw associated with w has a natural
gi-geometric crystal structure [1, 14]. Let w = si1si2 · · · sil be a reduced expression.
For i := (i1, i2, · · · , il), set
B−
i
:= {Yi(c1, c2, · · · , cl) := Yi1(c1)Yi2 (c2) · · ·Yil(cl) | c1, c2, · · · , cl ∈ C
×} ⊂ B−,
where Yj(c) := yj(
1
c
)αˇj(c) = yj(
1
c
)cαˇj . Then we have the following result.
Theorem 1.2. [1, 14] The set B−
i
with the explicit actions of eck, εk, and γk ,
for k ∈ Ii, c ∈ C
× given by:
eck(Yi(c1, · · · , cl)) = Yi(C1, · · · , Cl)),
where
Cj := cj ·
∑
1≤m≤j,im=k
c
c
ai1,k
1 · · · c
aim−1,k
m−1 cm
+
∑
j<m≤k,im=k
1
c
ai1,k
1 · · · c
aim−1,k
m−1 cm∑
1≤m<j,im=k
c
c
ai1,k
1 · · · c
aim−1,k
m−1 cm
+
∑
j≤m≤k,im=k
1
c
ai1,k
1 · · · c
aim−1,k
m−1 cm
,(1.1)
εk(Yi(c1, · · · , cl)) =
∑
1≤m≤l,im=k
1
c
ai1,k
1 · · · c
aim−1,k
m−1 cm
,(1.2)
γk(Yi(c1, · · · , cl)) = c
ai1,k
1 · · · c
ail,k
l ,(1.3)
is a geometric crystal isomorphic to X iw.
The geometric crystal V(g) = (X, {ei}i∈I , {γi}i∈I , {εi}i∈I) is said to be positive
if it has a positive structure [1, 7, 14]. Roughly speaking this means that each
of the rational maps eci , εi and γi are ratios of polynomial functions with positive
coefficients. For example, B−
i
is a positive geometric crystal.
It was conjectured in [7] that for each affine Lie algebra g and each Dynkin index
k ∈ I \ {0}, there exists a positive geometric crystal V(g) = (X, {ei}i∈I , {γi}i∈I ,
D
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{εi}i∈I). So far positive geometric crystals have been explicitly constructed for
g = A
(1)
n , B
(1)
n , C
(1)
n , D
(1)
n , A
(2)
2n−1, A
(2)
2n , D
(2)
n+1 [7], g = D
(3)
4 [2], g = G
(1)
2 [15] for
k = 1, g = A
(1)
n [10, 11] for k > 1 , and g = D
(1)
5 for k = 5 [12]. In this paper
we construct explicitly positive geometric crystal for g = D
(1)
6 corresponding to
the Dynkin spin node k = 6 in the level zero fundamental spin module W (̟6). It
turns out that the diagram automorphism σ in this case has order two, unlike the
corresponding diagram automorphism in D
(1)
5 -case [12].
2. The Quantum Affine algebra Uq(D
(1)
6 )
From now on we assume g to be the affine Lie algebra D
(1)
6 with index set
I = {0, 1, 2, 3, 4, 5, 6}, Cartan matrix A = (aij)i,j∈I where aii = 2, aj,j+1 = −1 =
aj+1,j , j = 1, 2, 3, 4, a02 = a20 = a46 = a64 = −1, aij = 0 otherwise and Dynkin
diagram:
0
1
2 3 4
5
6
Let {α0, α1, α2, α3, α4, α5, α6}, {αˇ0, αˇ1, αˇ2, αˇ3, αˇ4, αˇ5, αˇ6} and {Λ0,Λ1,Λ2,Λ3,Λ4,
Λ5,Λ6} denote the set of simple roots, simple coroots and fundamental weights,
respectively. Then c = αˇ0+ αˇ1+2αˇ2+2αˇ3+2αˇ4+ αˇ5+ αˇ6 and δ = α0+α1+2α2+
2α3 + 2α4 + α5 + α6 are the canonical central element and null root respectively.
The sets Pcl = ⊕
6
j=0ZΛj and P = Pcl ⊕ Zδ are called classical weight lattice and
weight lattice respectively.
We consider the Dynkin diagram automorphism σ defined by
σ : 0 7→ 6, 1 7→ 5, 2 7→ 4, 3 7→ 3, 4 7→ 2, 5 7→ 1, 6 7→ 0.
0
1
2 3 4
5
6
D6
σ
1
0
234
5
6
D6
Let gj (resp. σ(g)j)) be the subalgebra of g (resp. σ(g)) with index set Ij =
I \ {j}. Then observe that g0 as well as g1 and σ(g)1 are isomorphic to D6.
Let W (̟6) be the level 0 fundamental U
′
q(g)-module associated with the level
0 weight ̟6 = Λ6 − Λ0 [5]. By [[5], Theorem 5.17], W (̟6) is a finite-dimensional
irreducible integrable U ′q(g)-module and has a global basis with a simple crystal.
Thus, we can consider the specialization q = 1 and obtain the finite-dimensional
D
(1)
6 -moduleW (̟6), which we call the fundamental D
(1)
6 - module and use the same
notation as above. Below we give the explicit description of W (̟6).
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3. Fundamental Representation W (̟6) for D
(1)
6
The fundamental D
(1)
6 -moduleW (̟6) is a 32-dimensional module with the basis
{v = (i1, i2, i3, i4, i5, i6)|ij ∈ {+,−}, i1i2i3i4i5i6 = +}.
The actions of the generators ek, and fk, 0 ≤ k ≤ 6 of D
(1)
6 , on the basis vectors
are given as follows.
ek(i1, i2, i3, i4, i5, i6) =


(−,−, i3, i4, i5, i6) if k = 0, (i1, i2) = (+,+)
(i1, . . . ,+,−, . . . , i6) if k 6= 0, k 6= 6,
k k + 1 (ik, ik+1) = (−,+)
(i1, i2, i3, i4,+,+) if k = 6, (i5, i6) = (−,−)
0 otherwise.
fk(i1, i2, i3, i4, i5, i6) =


(+,+, i3, i4, i5, i6) if k = 0, (i1, i2) = (−,−)
(i1, . . . ,−,+, . . . , i6) if k 6= 0, k 6= 6,
k k + 1 (ik, ik+1) = (+,−)
(i1, i2, i3, i4,−,−) if k = 6, (i5, i6) = (+,+)
0 otherwise.
Furthermore, we observe that
〈αˇk,wt(v)〉 =


1 if k = 0, (i1, i2) = (−,−)
or k 6= 0, k 6= 6, (ik, ik+1) = (+,−)
or k = 6, (i5, i6) = (+,+)
−1 if k = 0, (i1, i2) = (+,+)
or k 6= 0, k 6= 6, (ik, ik+1) = (−,+)
or k = 6, (i5, i6) = (−,−)
0 otherwise.
Note that inW (̟6), we have (+,+,+,+,+,+) (resp. (−,+,+,+,+,−)) is a g0
(resp. g1) highest weight vector with weight ̟6 = Λ6 − Λ0 (resp. ˇ̟6 := Λ5 − Λ1).
We define σ(Λj) = Λσ(j) for j ∈ I. Then we define the action of σ on W (̟6) by
σ(v) = v′ if σ(wt(v)) = wt(v′).
4. Positive Geometric Crystals in W (̟6)
For ξ ∈ (t∗cl)0, let t(ξ) be the translation as in [[5], Sect 4]. Define simple
reflections sk(λ) := λ−λ(αˇk)αk, k ∈ I and let W = 〈sk | k ∈ I〉 be the Weyl group
for D
(1)
6 . Then we have
t(̟6) = σs6s4s3s2s5s4s3s6s4s5s1s2s3s4s6 = σw1,
t( ˇ̟6) = σs5s4s3s2s6s4s3s5s4s6s0s2s3s4s5 = σw2,
where w1 = s6s4s3s2s5s4s3s6s4s5s1s2s3s4s6 ∈W
0 and w2 = s5s4s3s2s6s4s3s5s4s6
s0s2s3s4s5 ∈ W
1. Associated with these Weyl group elements w1, w2 ∈ W , we
define algebraic varieties V1,V2 ⊂W (̟6) as follows.
V1 =
{
V1(x) := Y6(x
(3)
6 )Y4(x
(4)
4 )Y3(x
(3)
3 )Y2(x
(2)
2 )Y5(x
(2)
5 )Y4(x
(3)
4 )Y3(x
(2)
3 )Y6(x
(2)
6 )
Y4(x
(2)
4 )Y5(x
(1)
5 )Y1(x
(1)
1 )Y2(x
(1)
2 )Y3(x
(1)
3 )Y4(x
(1)
4 )Y6(x
(1)
6 )(+,+,+,+,+,+) |
x(l)m ∈ C
×
}
,
V2 =
{
V2(y) := Y5(y
(3)
5 )Y4(y
(4)
4 )Y3(y
(3)
3 )Y2(y
(2)
2 )Y6(y
(2)
6 )Y4(y
(3)
4 )Y3(y
(2)
3 )Y5(y
(2)
5 )
Y4(y
(2)
4 )Y6(y
(1)
6 )Y0(y
(1)
0 )Y2(y
(1)
2 )Y3(y
(1)
3 )Y4(y
(1)
4 )Y5(y
(1)
5 )(−,+,+,+,+,−) |
y(l)m ∈ C
×
}
,
D
(1)
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where x = (x
(3)
6 , x
(4)
4 , x
(3)
3 , x
(2)
2 , x
(2)
5 , x
(3)
4 , x
(2)
3 , x
(2)
6 , x
(2)
4 , x
(1)
5 , x
(1)
1 , x
(1)
2 , x
(1)
3 , x
(1)
4 , x
(1)
6 )
and y = (y
(3)
5 , y
(4)
4 , y
(3)
3 , y
(2)
2 , y
(2)
6 , y
(3)
4 , y
(2)
3 , y
(2)
5 , y
(2)
4 , y
(1)
6 , y
(1)
0 , y
(1)
2 , y
(1)
3 , y
(1)
4 , y
(1)
5 ).
From the explicit actions of fk’s onW (̟6), we observe that f
2
k = 0, for all k ∈ I.
Therefore, we have
Yk(c) = (1 +
fk
c
)αˇk(c) = (1 +
fk
c
)cαˇk for all k ∈ I.
Thus we have the explicit forms of V1(x) and V2(y) as follows.
V1(x) = x
(3)
6 x
(2)
6 x
(1)
6 (+,+,+,+,+,+)+
(
x
(2)
6 x
(1)
6 +
x
(4)
4 x
(3)
4 x
(1)
6
x
(3)
6
+
x
(4)
4 x
(3)
4 x
(2)
4 x
(1)
4
x
(3)
6 x
(2)
6
)
×(+,+,+,+,−,−)+
(
x
(3)
4 x
(1)
6 +
x
(3)
3 x
(2)
5 x
(1)
6
x
(4)
4
+
x
(3)
4 x
(2)
4 x
(1)
4
x
(2)
6
+
x
(3)
3 x
(2)
5 x
(2)
3 x
(1)
4
x
(4)
4 x
(3)
4
+
x
(3)
3 x
(2)
5 x
(2)
4 x
(1)
4
x
(4)
4 x
(2)
6
+
x
(3)
3 x
(2)
5 x
(2)
3 x
(1)
5 x
(1)
3
x
(4)
4 x
(3)
4 x
(2)
4
)
(+,+,+,−,+,−) +
(
x
(2)
5 x
(1)
6 +
x
(2)
2 x
(2)
5 x
(1)
4
x
(3)
3
+
x
(2)
5 x
(2)
3 x
(1)
4
x
(3)
4
+
x
(2)
5 x
(2)
4 x
(1)
4
x
(2)
6
+
x
(2)
2 x
(2)
5 x
(1)
5 x
(1)
2
x
(3)
3 x
(2)
3
+
x
(2)
2 x
(2)
5 x
(1)
5 x
(1)
3
x
(3)
3 x
(2)
4
+
x
(2)
5 x
(2)
3 x
(1)
5 x
(1)
3
x
(3)
4 x
(2)
4
)
(+,+,−,+,+,−)
+
(
x
(3)
3 x
(1)
6 +
x
(3)
3 x
(2)
3 x
(1)
3
x
(2)
5
+
x
(3)
3 x
(2)
3 x
(1)
4
x
(3)
4
+
x
(3)
3 x
(2)
4 x
(1)
4
x
(2)
6
+
x
(3)
3 x
(2)
3 x
(1)
5 x
(1)
3
x
(3)
4 x
(2)
4
)
(+,+,+,−,−,+)
+
(
x
(2)
5 x
(1)
4 +
x
(2)
5 x
(1)
5 x
(1)
1
x
(2)
2
+
x
(2)
5 x
(1)
5 x
(1)
2
x
(2)
3
+
x
(2)
5 x
(1)
5 x
(1)
3
x
(2)
4
)
(+,−,+,+,+,−) +
(
x
(4)
4 x
(1)
6
+
x
(4)
4 x
(2)
2 x
(1)
4
x
(3)
3
+
x
(4)
4 x
(2)
3 x
(1)
3
x
(2)
5
+
x
(4)
4 x
(2)
3 x
(1)
4
x
(3)
4
+
x
(4)
4 x
(2)
4 x
(1)
4
x
(2)
6
+
x
(4)
4 x
(2)
2 x
(3)
4 x
(1)
3
x
(3)
3 x
(2)
5
+
x
(4)
4 x
(2)
2 x
(1)
5 x
(1)
2
x
(3)
3 x
(2)
3
+
x
(4)
4 x
(2)
2 x
(1)
5 x
(1)
3
x
(3)
3 x
(2)
4
+
x
(4)
4 x
(2)
3 x
(1)
5 x
(1)
3
x
(3)
4 x
(2)
4
+
x
(4)
4 x
(2)
2 x
(3)
4 x
(2)
4 x
(1)
2
x
(3)
3 x
(2)
5 x
(2)
3
)
(+,+,−,+,−,+)
+ x
(2)
5 x
(1)
5 (−,+,+,+,+,−) +
(
x
(4)
4 x
(1)
4 +
x
(4)
4 x
(1)
5 x
(1)
1
x
(2)
2
+
x
(4)
4 x
(3)
4 x
(1)
3
x
(2)
5
+
x
(4)
4 x
(1)
5 x
(1)
2
x
(2)
3
+
x
(4)
4 x
(1)
5 x
(1)
3
x
(2)
4
+
x
(4)
4 x
(3)
4 x
(2)
4 x
(1)
1
x
(2)
2 x
(2)
5
+
x
(4)
4 x
(3)
4 x
(2)
4 x
(1)
2
x
(2)
5 x
(2)
3
)
(+,−,+,+,−,+)+
(
x
(3)
6 x
(1)
6 +
x
(3)
6 x
(2)
2 x
(1)
3
x
(4)
4
+
x
(3)
6 x
(2)
2 x
(1)
4
x
(3)
3
+
x
(3)
6 x
(2)
3 x
(1)
3
x
(2)
5
+
x
(3)
6 x
(2)
3 x
(1)
4
x
(3)
4
+
x
(3)
6 x
(2)
4 x
(1)
4
x
(2)
6
+
x
(3)
6 x
(2)
2 x
(2)
6 x
(1)
2
x
(4)
4 x
(3)
4
+
x
(3)
6 x
(2)
2 x
(2)
4 x
(1)
2
x
(4)
4 x
(2)
3
+
x
(3)
6 x
(2)
2 x
(3)
4 x
(1)
3
x
(3)
3 x
(2)
5
+
x
(3)
6 x
(2)
2 x
(1)
5 x
(1)
2
x
(3)
3 x
(2)
3
+
x
(3)
6 x
(2)
2 x
(1)
5 x
(1)
3
x
(3)
3 x
(2)
4
+
x
(3)
6 x
(2)
3 x
(1)
5 x
(1)
3
x
(3)
4 x
(2)
4
+
x
(3)
6 x
(2)
2 x
(3)
4 x
(2)
4 x
(1)
2
x
(3)
3 x
(2)
5 x
(2)
3
)
×(+,+,−,−,+,+)+
(
x
(4)
4 x
(1)
5 +
x
(4)
4 x
(3)
4 x
(2)
4
x
(2)
5
)
(−,+,+,+,−,+)+
(
x
(3)
6 x
(1)
4 +
x
(3)
6 x
(3)
3 x
(1)
3
x
(4)
4
+
x
(3)
6 x
(1)
5 x
(1)
1
x
(2)
2
+
x
(3)
6 x
(3)
4 x
(1)
3
x
(2)
5
+
x
(3)
6 x
(1)
5 x
(1)
2
x
(2)
3
+
x
(3)
6 x
(1)
5 x
(1)
3
x
(2)
4
+
x
(3)
6 x
(3)
3 x
(2)
4 x
(1)
1
x
(4)
4 x
(2)
2
+
x
(3)
6 x
(3)
3 x
(2)
6 x
(1)
2
x
(4)
4 x
(3)
4
+
x
(3)
6 x
(3)
3 x
(2)
4 x
(1)
2
x
(4)
4 x
(2)
3
+
x
(3)
6 x
(3)
4 x
(2)
4 x
(1)
1
x
(2)
2 x
(2)
5
+
x
(3)
6 x
(3)
4 x
(2)
4 x
(1)
2
x
(2)
5 x
(2)
3
+
x
(3)
6 x
(3)
3 x
(2)
3 x
(2)
6 x
(1)
1
x
(4)
4 x
(2)
2 x
(3)
4
)
(+,−,+,−,+,+)
+
(
x
(1)
6 +
x
(2)
2 x
(1)
2
x
(3)
6
+
x
(2)
2 x
(1)
3
x
(4)
4
+
x
(2)
2 x
(1)
4
x
(3)
3
+
x
(2)
3 x
(1)
3
x
(2)
5
+
x
(2)
3 x
(1)
4
x
(3)
4
+
x
(2)
4 x
(1)
4
x
(2)
6
+
x
(2)
2 x
(2)
6 x
(1)
2
x
(4)
4 x
(3)
4
+
x
(2)
2 x
(2)
4 x
(1)
2
x
(4)
4 x
(2)
3
+
x
(2)
2 x
(3)
4 x
(1)
3
x
(3)
3 x
(2)
5
+
x
(2)
2 x
(1)
5 x
(1)
2
x
(3)
3 x
(2)
3
+
x
(2)
2 x
(1)
5 x
(1)
3
x
(3)
3 x
(2)
4
+
x
(2)
3 x
(1)
5 x
(1)
3
x
(3)
4 x
(2)
4
+
x
(2)
2 x
(3)
4 x
(2)
4 x
(1)
2
x
(3)
3 x
(2)
5 x
(2)
3
)
× (+,+,−,−,−,−) +
(
x
(3)
6 x
(1)
5 +
x
(3)
6 x
(3)
3 x
(2)
4
x
(4)
4
+
x
(3)
6 x
(3)
4 x
(2)
4
x
(2)
5
+
x
(3)
6 x
(3)
3 x
(2)
3 x
(2)
6
x
(4)
4 x
(3)
4
)
× (−,+,+,−,+,+)+
(
x
(3)
6 x
(1)
3 +
x
(3)
6 x
(2)
6 x
(1)
1
x
(3)
3
+
x
(3)
6 x
(2)
4 x
(1)
1
x
(2)
2
+
x
(3)
6 x
(2)
6 x
(1)
2
x
(3)
4
+
x
(3)
6 x
(2)
4 x
(1)
2
x
(2)
3
+
x
(3)
6 x
(2)
3 x
(2)
6 x
(1)
1
x
(2)
2 x
(3)
4
)
(+,−,−,+,+,+)+
(
x
(1)
4 +
x
(3)
3 x
(1)
2
x
(3)
6
+
x
(3)
3 x
(1)
3
x
(4)
4
+
x
(1)
5 x
(1)
1
x
(2)
2
+
x
(3)
4 x
(1)
3
x
(2)
5
+
x
(1)
5 x
(1)
2
x
(2)
3
+
x
(1)
5 x
(1)
3
x
(2)
4
+
x
(3)
3 x
(2)
3 x
(1)
1
x
(3)
6 x
(2)
2
+
x
(3)
3 x
(2)
4 x
(1)
1
x
(4)
4 x
(2)
2
+
x
(3)
3 x
(2)
6 x
(1)
2
x
(4)
4 x
(3)
4
+
x
(3)
3 x
(2)
4 x
(1)
2
x
(4)
4 x
(2)
3
+
x
(3)
4 x
(2)
4 x
(1)
1
x
(2)
2 x
(2)
5
+
x
(3)
4 x
(2)
4 x
(1)
2
x
(2)
5 x
(2)
3
+
x
(3)
3 x
(2)
3 x
(2)
6 x
(1)
1
x
(4)
4 x
(2)
2 x
(3)
4
)
(+,−,+,−,−,−)+
(
x
(3)
6 x
(2)
4 +
x
(3)
6 x
(2)
2 x
(2)
6
x
(3)
3
+
x
(3)
6 x
(2)
3 x
(2)
6
x
(3)
4
)
×(−,+,−,+,+,+)+
(
x
(1)
5 +
x
(3)
3 x
(2)
3
x
(3)
6
+
x
(3)
3 x
(2)
4
x
(4)
4
+
x
(3)
4 x
(2)
4
x
(2)
5
+
x
(3)
3 x
(2)
3 x
(2)
6
x
(4)
4 x
(3)
4
)
(−,+,+,−,−,−)
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+
(
x
(1)
3 +
x
(4)
4 x
(1)
2
x
(3)
6
+
x
(2)
6 x
(1)
1
x
(3)
3
+
x
(2)
4 x
(1)
1
x
(2)
2
+
x
(2)
6 x
(1)
2
x
(3)
4
+
x
(2)
4 x
(1)
2
x
(2)
3
+
x
(4)
4 x
(3)
4 x
(1)
1
x
(3)
6 x
(3)
3
+
x
(4)
4 x
(2)
3 x
(1)
1
x
(3)
6 x
(2)
2
+
x
(2)
3 x
(2)
6 x
(1)
1
x
(2)
2 x
(3)
4
)
(+,−,−,+,−,−)+x
(3)
6 x
(2)
6 (−,−,+,+,+,+)+
(
x
(2)
4 +
x
(4)
4 x
(2)
3
x
(3)
6
+
x
(2)
2 x
(2)
6
x
(3)
3
+
x
(2)
3 x
(2)
6
x
(3)
4
+
x
(4)
4 x
(2)
2 x
(3)
4
x
(3)
6 x
(3)
3
)
(−,+,−,+,−,−) +
(
x
(1)
2 +
x
(2)
5 x
(1)
1
x
(4)
4
+
x
(3)
4 x
(1)
1
x
(3)
3
+
x
(2)
3 x
(1)
1
x
(2)
2
)
× (+,−,−,−,+,−)+
(
x
(2)
6 +
x
(4)
4 x
(3)
4
x
(3)
6
)
(−,−,+,+,−,−)+
(
x
(2)
3 +
x
(2)
2 x
(2)
5
x
(4)
4
+
x
(2)
2 x
(3)
4
x
(3)
3
)
× (−,+,−,−,+,−) + x
(1)
1 (+,−,−,−,−,+)+
(
x
(3)
4 +
x
(3)
3 x
(2)
5
x
(4)
4
)
(−,−,+,−,+,−)
+ x
(2)
2 (−,+,−,−,−,+)+ x
(2)
5 (−,−,−,+,+,−) + x
(3)
3 (−,−,+,−,−,+)
+ x
(4)
4 (−,−,−,+,−,+)+ x
(3)
6 (−,−,−,−,+,+)+ (−,−,−,−,−,−),
V2(y) = y
(3)
5 y
(2)
5 y
(1)
5 (−,+,+,+,+,−) +
(
y
(2)
5 y
(1)
5 +
y
(4)
4 y
(3)
4 y
(1)
5
y
(3)
5
+
y
(4)
4 y
(3)
4 y
(2)
4 y
(1)
4
y
(3)
5 y
(2)
5
)
×(−,+,+,+,−,+)+
(
y
(3)
4 y
(1)
5 +
y
(3)
3 y
(2)
6 y
(1)
5
y
(4)
4
+
y
(3)
4 y
(2)
4 y
(1)
4
y
(2)
5
+
y
(3)
3 y
(2)
6 y
(2)
3 y
(1)
4
y
(4)
4 y
(3)
4
+
y
(3)
3 y
(2)
6 y
(2)
4 y
(1)
4
y
(4)
4 y
(2)
5
+
y
(3)
3 y
(2)
6 y
(2)
3 y
(1)
6 y
(1)
3
y
(4)
4 y
(3)
4 y
(2)
4
)
(−,+,+,−,+,+)+
(
y
(2)
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(1)
5 +
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(2)
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6 y
(1)
4
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3
+
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6 y
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(1)
4
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4
+
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(2)
6 y
(2)
4 y
(1)
4
y
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5
+
y
(2)
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(2)
6 y
(1)
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(1)
2
y
(3)
3 y
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3
+
y
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(2)
6 y
(1)
6 y
(1)
3
y
(3)
3 y
(2)
4
+
y
(2)
6 y
(2)
3 y
(1)
6 y
(1)
3
y
(3)
4 y
(2)
4
)
(−,+,−,+,+,+)+
(
y
(3)
3 y
(1)
5 +
y
(3)
3 y
(2)
3 y
(1)
3
y
(2)
6
+
y
(3)
3 y
(2)
3 y
(1)
4
y
(3)
4
+
y
(3)
3 y
(2)
4 y
(1)
4
y
(2)
5
+
y
(3)
3 y
(2)
3 y
(1)
6 y
(1)
3
y
(3)
4 y
(2)
4
)
(−,+,+,−,−,−)+
(
y
(2)
6 y
(1)
4 +
y
(2)
6 y
(1)
6 y
(1)
0
y
(2)
2
+
y
(2)
6 y
(1)
6 y
(1)
2
y
(2)
3
+
y
(2)
6 y
(1)
6 y
(1)
3
y
(2)
4
)
(−,−,+,+,+,+)+
(
y
(4)
4 y
(1)
5 +
y
(4)
4 y
(2)
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(1)
4
y
(3)
3
+
y
(4)
4 y
(2)
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(1)
3
y
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6
+
y
(4)
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(2)
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(1)
4
y
(3)
4
+
y
(4)
4 y
(2)
4 y
(1)
4
y
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5
+
y
(4)
4 y
(2)
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(3)
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(1)
3
y
(3)
3 y
(2)
6
+
y
(4)
4 y
(2)
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(1)
6 y
(1)
2
y
(3)
3 y
(2)
3
+
y
(4)
4 y
(2)
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(1)
6 y
(1)
3
y
(3)
3 y
(2)
4
+
y
(4)
4 y
(2)
3 y
(1)
6 y
(1)
3
y
(3)
4 y
(2)
4
+
y
(4)
4 y
(2)
2 y
(3)
4 y
(2)
4 y
(1)
2
y
(3)
3 y
(2)
6 y
(2)
3
)
(−,+,−,+,−,−)+y
(2)
6 y
(1)
6 (+,+,+,+,+,+)+
(
y
(4)
4 y
(1)
4 +
y
(4)
4 y
(1)
6 y
(1)
0
y
(2)
2
+
y
(4)
4 y
(3)
4 y
(1)
3
y
(2)
6
+
y
(4)
4 y
(1)
6 y
(1)
2
y
(2)
3
+
y
(4)
4 y
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6 y
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(2)
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4 y
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4 y
(2)
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)
(−,−,+,+,−,−)
+
(
y
(3)
5 y
(1)
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y
(3)
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3
y
(4)
4
+
y
(3)
5 y
(2)
2 y
(1)
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+
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3
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(2)
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(3)
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(2)
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y
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5 y
(1)
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(3)
4
+
y
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(2)
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(2)
4 y
(1)
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4 y
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(3)
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(2)
6
+
y
(3)
5 y
(2)
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5 y
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(3)
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(2)
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2
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3
)
(−,+,−,−,+,−) +
(
y
(4)
4 y
(1)
6 +
y
(4)
4 y
(3)
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(2)
4
y
(2)
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)
(+,+,+,+,−,−)
+
(
y
(3)
5 y
(1)
4 +
y
(3)
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(3)
3 y
(1)
3
y
(4)
4
+
y
(3)
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(1)
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(1)
0
y
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2
+
y
(3)
5 y
(3)
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(1)
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y
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+
y
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5 y
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y
(2)
3
+
y
(3)
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(1)
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3
y
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4
+
y
(3)
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4 y
(1)
0
y
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2
+
y
(3)
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(2)
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2
y
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(3)
4
+
y
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(3)
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(2)
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(1)
2
y
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3
+
y
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(3)
4 y
(2)
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(1)
0
y
(2)
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(2)
6
+
y
(3)
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(3)
4 y
(2)
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(1)
2
y
(2)
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(2)
3
+
y
(3)
5 y
(3)
3 y
(2)
3 y
(2)
5 y
(1)
0
y
(4)
4 y
(2)
2 y
(3)
4
)
× (−,−,+,−,+,−)+
(
y
(1)
5 +
y
(2)
2 y
(1)
2
y
(3)
5
+
y
(2)
2 y
(1)
3
y
(4)
4
+
y
(2)
2 y
(1)
4
y
(3)
3
+
y
(2)
3 y
(1)
3
y
(2)
6
+
y
(2)
3 y
(1)
4
y
(3)
4
+
y
(2)
4 y
(1)
4
y
(2)
5
+
y
(2)
2 y
(2)
5 y
(1)
2
y
(4)
4 y
(3)
4
+
y
(2)
2 y
(2)
4 y
(1)
2
y
(4)
4 y
(2)
3
+
y
(2)
2 y
(3)
4 y
(1)
3
y
(3)
3 y
(2)
6
+
y
(2)
2 y
(1)
6 y
(1)
2
y
(3)
3 y
(2)
3
+
y
(2)
2 y
(1)
6 y
(1)
3
y
(3)
3 y
(2)
4
+
y
(2)
3 y
(1)
6 y
(1)
3
y
(3)
4 y
(2)
4
+
y
(2)
2 y
(3)
4 y
(2)
4 y
(1)
2
y
(3)
3 y
(2)
6 y
(2)
3
)
(−,+,−,−,−,+)+
(
y
(3)
5 y
(1)
6 +
y
(3)
5 y
(3)
3 y
(2)
4
y
(4)
4
+
y
(3)
5 y
(3)
4 y
(2)
4
y
(2)
6
+
y
(3)
5 y
(3)
3 y
(2)
3 y
(2)
5
y
(4)
4 y
(3)
4
)
× (+,+,+,−,+,−) +
(
y
(3)
5 y
(1)
3 +
y
(3)
5 y
(2)
5 y
(1)
0
y
(3)
3
+
y
(3)
5 y
(2)
4 y
(1)
0
y
(2)
2
+
y
(3)
5 y
(2)
5 y
(1)
2
y
(3)
4
+
y
(3)
5 y
(2)
4 y
(1)
2
y
(2)
3
+
y
(3)
5 y
(2)
3 y
(2)
5 y
(1)
0
y
(2)
2 y
(3)
4
)
(−,−,−,+,+,−) +
(
y
(1)
4 +
y
(3)
3 y
(1)
2
y
(3)
5
+
y
(3)
3 y
(1)
3
y
(4)
4
+
y
(1)
6 y
(1)
0
y
(2)
2
+
y
(3)
4 y
(1)
3
y
(2)
6
+
y
(1)
6 y
(1)
2
y
(2)
3
+
y
(1)
6 y
(1)
3
y
(2)
4
+
y
(3)
3 y
(2)
3 y
(1)
0
y
(3)
5 y
(2)
2
+
y
(3)
3 y
(2)
4 y
(1)
0
y
(4)
4 y
(2)
2
+
y
(3)
3 y
(2)
5 y
(1)
2
y
(4)
4 y
(3)
4
+
y
(3)
3 y
(2)
4 y
(1)
2
y
(4)
4 y
(2)
3
+
y
(3)
4 y
(2)
4 y
(1)
0
y
(2)
2 y
(2)
6
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+
y
(3)
4 y
(2)
4 y
(1)
2
y
(2)
6 y
(2)
3
+
y
(3)
3 y
(2)
3 y
(2)
5 y
(1)
0
y
(4)
4 y
(2)
2 y
(3)
4
)
(−,−,+,−,−,+)+
(
y
(3)
5 y
(2)
4 +
y
(3)
5 y
(2)
2 y
(2)
5
y
(3)
3
+
y
(3)
5 y
(2)
3 y
(2)
5
y
(3)
4
)
×(+,+,−,+,+,−)+
(
y
(1)
6 +
y
(3)
3 y
(2)
3
y
(3)
5
+
y
(3)
3 y
(2)
4
y
(4)
4
+
y
(3)
4 y
(2)
4
y
(2)
6
+
y
(3)
3 y
(2)
3 y
(2)
5
y
(4)
4 y
(3)
4
)
(+,+,+,−,−,+)
+
(
y
(1)
3 +
y
(4)
4 y
(1)
2
y
(3)
5
+
y
(2)
5 y
(1)
0
y
(3)
3
+
y
(2)
4 y
(1)
0
y
(2)
2
+
y
(2)
5 y
(1)
2
y
(3)
4
+
y
(2)
4 y
(1)
2
y
(2)
3
+
y
(4)
4 y
(3)
4 y
(1)
0
y
(3)
5 y
(3)
3
+
y
(4)
4 y
(2)
3 y
(1)
0
y
(3)
5 y
(2)
2
+
y
(2)
3 y
(2)
5 y
(1)
0
y
(2)
2 y
(3)
4
)
(−,−,−,+,−,+)+y
(3)
5 y
(2)
5 (+,−,+,+,+,−)+
(
y
(2)
4 +
y
(4)
4 y
(2)
3
y
(3)
5
+
y
(2)
2 y
(2)
5
y
(3)
3
+
y
(2)
3 y
(2)
5
y
(3)
4
+
y
(4)
4 y
(2)
2 y
(3)
4
y
(3)
5 y
(3)
3
)
(+,+,−,+,−,+)+
(
y
(1)
2 +
y
(2)
6 y
(1)
0
y
(4)
4
+
y
(3)
4 y
(1)
0
y
(3)
3
+
y
(2)
3 y
(1)
0
y
(2)
2
)
× (−,−,−,−,+,+)+
(
y
(2)
5 +
y
(4)
4 y
(3)
4
y
(3)
5
)
(+,−,+,+,−,+)+
(
y
(2)
3 +
y
(2)
2 y
(2)
6
y
(4)
4
+
y
(2)
2 y
(3)
4
y
(3)
3
)
× (+,+,−,−,+,+)+ y
(1)
0 (−,−,−,−,−,−) +
(
y
(3)
4 +
y
(3)
3 y
(2)
6
y
(4)
4
)
(+,−,+,−,+,+)
+ y
(2)
2 (+,+,−,−,−,−) + y
(2)
6 (+,−,−,+,+,+)+ y
(3)
3 (+,−,+,−,−,−)
+ y
(4)
4 (+,−,−,+,−,−) + y
(3)
5 (+,−,−,−,+,−) + (+,−,−,−,−,+).
Now for a given x we solve the equation
V2(y) = a(x)σ(V1(x)).(4.1)
where a(x) is a rational function in x and the action of σ on V1(x) is induced by
its action on W (̟6). Though this equation is over-determined, it can be solved
uniquely by comparing the coefficients of the basis vectors of W (̟6). We give the
explicit solutions of a(x), and the variables y
(l)
m below.
Lemma 4.1. The rational function a(x) and the complete solution of (4.1) is:
a(x) =
1
x
(2)
5 x
(1)
5
,
y
(1)
0 =
x
(3)
6 x
(2)
6 x
(1)
6
x
(2)
5 x
(1)
5
, y
(1)
6 =
1
x
(2)
5
, y
(2)
6 =
1
x
(1)
5
,
y
(1)
2 =
(x(2)5 x(1)5
x
(3)
6 x
(2)
6
+
x
(1)
6 x
(2)
5 x
(1)
5
x
(3)
6 x
(2)
4 x
(1)
4
+
x
(2)
6 x
(1)
6 x
(2)
5 x
(1)
5
x
(4)
4 x
(3)
4 x
(2)
4 x
(1)
4
)−1
,
y
(2)
2 =
x
(4)
4 x
(3)
4 x
(2)
4 x
(1)
4
(x
(2)
5 )
2(x
(1)
5 )
2
(x(2)5 x(1)5
x
(3)
6 x
(2)
6
+
x
(1)
6 x
(2)
5 x
(1)
5
x
(3)
6 x
(2)
4 x
(1)
4
+
x
(2)
6 x
(1)
6 x
(2)
5 x
(1)
5
x
(4)
4 x
(3)
4 x
(2)
4 x
(1)
4
)
,
y
(1)
3 =
(x(2)5 x(1)5
x
(3)
6 x
(2)
4
+
x
(2)
6 x
(2)
5 x
(1)
5
x
(4)
4 x
(3)
4 x
(2)
4
+
x
(2)
5 x
(1)
4
x
(3)
6 x
(1)
3
+
x
(2)
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Using Lemma 4.1 we define the map
σ¯ : V1 → V2,
V1(x) 7→ V2(y).
Now we have the following result.
Proposition 4.2. The map σ¯ : V1 → V2 is a bi-positive birational isomorphism
with the inverse positive rational map
σ¯−1 : V2 → V1,
V2(y) 7→ V1(x)
D
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Proof. The fact that σ¯ is a bi-positive birational map follows from the explicit
formulas. The rest follows by direct calculations. 
It is known that V1 (resp. V2) has the structure of a g0 (resp. g1) pos-
itive geometric crystal ([1], [14], [7]). Indeed, note that taking the sesquence
i = (6, 4, 3, 2, 5, 4, 3, 6, 4, 5, 1, 2, 3, 4, 6) the explicit actions of eck, γk, εk on V1(x)
for k = 1, 2, 3, 4, 5, 6 are given by Theorem 1.2 as follows.
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
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(2)
3 )
2x
(1)
3 + x
(3)
4 x
(2)
3 x
(1)
3 x
(2)
2 + x
(3)
4 x
(2)
4 x
(2)
2 x
(1)
2
,
c41 =
cc14 + c
2
4 + c
3
4 + c
4
4
c14 + c
2
4 + c
3
4 + c
4
4
,
c42 =
cc14 + cc
2
4 + c
3
4 + c
4
4
cc14 + c
2
4 + c
3
4 + c
4
4
,
D
(1)
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c43 =
cc14 + cc
2
4 + cc
3
4 + c
4
4
cc14 + cc
2
4 + c
3
4 + c
4
4
,
c14 = x
(4)
4 (x
(3)
4 )
2(x
(2)
4 )
2x
(1)
4 ,
c24 = x
(2)
5 x
(3)
4 (x
(2)
4 )
2x
(1)
4 x
(3)
3 ,
c34 = x
(2)
6 x
(2)
5 x
(2)
4 x
(1)
4 x
(3)
3 x
(2)
3 ,
c44 = x
(2)
6 x
(2)
5 x
(1)
5 x
(3)
3 x
(2)
3 x
(1)
3 ,
c5 =
cx
(2)
5 x
(1)
5 + x
(3)
4 x
(2)
4
x
(2)
5 x
(1)
5 + x
(3)
4 x
(2)
4
,
c61 =
cx
(3)
6 (x
(2)
6 )
2x
(1)
6 + x
(2)
6 x
(1)
6 x
(4)
4 x
(3)
4 + x
(4)
4 x
(3)
4 x
(2)
4 x
(1)
4
x
(3)
6 (x
(2)
6 )
2x
(1)
6 + x
(2)
6 x
(1)
6 x
(4)
4 x
(3)
4 + x
(4)
4 x
(3)
4 x
(2)
4 x
(1)
4
,
c62 =
cx
(3)
6 (x
(2)
6 )
2x
(1)
6 + cx
(2)
6 x
(1)
6 x
(4)
4 x
(3)
4 + x
(4)
4 x
(3)
4 x
(2)
4 x
(1)
4
cx
(3)
6 (x
(2)
6 )
2x
(1)
6 + x
(2)
6 x
(1)
6 x
(4)
4 x
(3)
4 + x
(4)
4 x
(3)
4 x
(2)
4 x
(1)
4
.
γk(V1(x)) =


(x
(1)
1 )
2
x
(2)
2 x
(1)
2
, k = 1,
(x
(2)
2 )
2(x
(1)
2 )
2
x
(3)
3 x
(2)
3 x
(1)
3 x
(1)
1
, k = 2,
(x
(3)
3 )
2(x
(2)
3 )
2(x
(1)
3 )
2
x
(4)
4 x
(3)
4 x
(2)
4 x
(1)
4 x
(2)
2 x
(1)
2
, k = 3,
(x
(4)
4 )
2(x
(3)
4 )
2(x
(2)
4 )
2(x
(1)
4 )
2
x
(3)
6 x
(2)
6 x
(1)
6 x
(2)
5 x
(1)
5 x
(3)
3 x
(2)
3 x
(1)
3
, k = 4,
(x
(2)
5 )
2(x
(1)
5 )
2
x
(4)
4 x
(3)
4 x
(2)
4 x
(1)
4
, k = 5,
(x
(3)
6 )
2(x
(2)
6 )
2(x
(1)
6 )
2
x
(4)
4 x
(3)
4 x
(2)
4 x
(1)
4
, k = 6.
εk(V1(x)) =


x
(2)
2
x
(1)
1
, k = 1,
x
(3)
3
x
(2)
2
(
1 +
x
(2)
3 x
(1)
1
x
(2)
2 x
(1)
2
)
, k = 2,
x
(4)
4
x
(3)
3
(
1 +
x
(3)
4 x
(2)
2
x
(3)
3 x
(2)
3
+
x
(3)
4 x
(2)
4 x
(2)
2 x
(1)
2
x
(3)
3 (x
(2)
3 )
2x
(1)
3
)
, k = 3,
x
(3)
6
x
(4)
4
(
1 +
x
(2)
5 x
(3)
3
x
(4)
4 x
(3)
4
+
x
(2)
6 x
(2)
5 x
(3)
3 x
(2)
3
x
(4)
4 (x
(3)
4 )
2x
(2)
4
+
x
(2)
6 x
(2)
5 x
(1)
5 x
(3)
3 x
(2)
3 x
(1)
3
x
(4)
4 (x
(3)
4 )
2(x
(2)
4 )
2x
(1)
4
)
, k = 4,
x
(4)
4
x
(2)
5
(
1 +
x
(3)
4 x
(2)
4
x
(2)
5 x
(1)
5
)
, k = 5,
1
x
(3)
6
(
1 +
x
(4)
4 x
(3)
4
x
(3)
6 x
(2)
6
+
x
(4)
4 x
(3)
4 x
(2)
4 x
(1)
4
x
(3)
6 (x
(2)
6 )
2x
(1)
6
)
, k = 6.
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By choosing i = (5, 4, 3, 2, 6, 4, 3, 5, 4, 6, 0, 2, 3, 4, 5), we also have the following
explicit actions of e¯k
c, γ¯k, ε¯k, k = 0, 2, 3, 4, 5, 6 on V2(y) by Theorem 1.2.
e¯k
c(V2(y)) =


V2(y
(3)
5 , y
(4)
4 , y
(3)
3 , y
(2)
2 , y
(2)
6 , y
(3)
4 , y
(2)
3 , y
(2)
5 , y
(2)
4 , y
(1)
6 , cy
(1)
0 , y
(1)
2 , y
(1)
3 ,
y
(1)
4 , y
(1)
5 ), k = 0,
V2(y
(3)
5 , y
(4)
4 , y
(3)
3 , c¯2y
(2)
2 , y
(2)
6 , y
(3)
4 , y
(2)
3 , y
(2)
5 , y
(2)
4 , y
(1)
6 , y
(1)
0 ,
c
c¯2
y
(1)
2 ,
y
(1)
3 , y
(1)
4 , y
(1)
5 ), k = 2,
V2(y
(3)
5 , y
(4)
4 , c¯31y
(3)
3 , y
(2)
2 , y
(2)
6 , y
(3)
4 , c¯32y
(2)
3 , y
(2)
5 , y
(2)
4 , y
(1)
6 , y
(1)
0 , y
(1)
2 ,
c
c¯31 c¯32
y
(1)
3 , y
(1)
4 , y
(1)
5 ), k = 3,
V2(y
(3)
5 , c¯41y
(4)
4 , y
(3)
3 , y
(2)
2 , y
(2)
6 , c¯42y
(3)
4 , y
(2)
3 , y
(2)
5 , c¯43y
(2)
4 , y
(1)
6 , y
(1)
0 ,
y
(1)
2 , y
(1)
3 ,
c
c¯41 c¯42 c¯43
y
(1)
4 , y
(1)
5 ), k = 4,
V2(c¯51y
(3)
5 , y
(4)
4 , y
(3)
3 , y
(2)
2 , y
(2)
6 , y
(3)
4 , y
(2)
3 , c¯52y
(2)
5 , y
(2)
4 , y
(1)
6 , y
(1)
0 , y
(1)
2 ,
y
(1)
3 , y
(1)
4 ,
c
c¯51 c¯52
y
(1)
5 ), k = 5,
V2(y
(3)
5 , y
(4)
4 , y
(3)
3 , y
(2)
2 , c¯6y
(2)
6 , y
(3)
4 , y
(2)
3 , y
(2)
5 , y
(2)
4 ,
c
c¯6
y
(1)
6 , y
(1)
0 , y
(1)
2 ,
y
(1)
3 , y
(1)
4 , y
(1)
5 ), k = 6,
where
c¯2 =
cy
(2)
2 y
(1)
2 + y
(2)
3 y
(1)
0
y
(2)
2 y
(1)
2 + y
(2)
3 y
(1)
0
,
c¯31 =
cy
(3)
3 (y
(2)
3 )
2y
(1)
3 + y
(3)
4 y
(2)
3 y
(1)
3 y
(2)
2 + y
(3)
4 y
(2)
4 y
(2)
2 y
(1)
2
y
(3)
3 (y
(2)
3 )
2y
(1)
3 + y
(3)
4 y
(2)
3 y
(1)
3 y
(2)
2 + y
(3)
4 y
(2)
4 y
(2)
2 y
(1)
2
,
c¯32 =
cy
(3)
3 (y
(2)
3 )
2y
(1)
3 + cy
(3)
4 y
(2)
3 y
(1)
3 y
(2)
2 + y
(3)
4 y
(2)
4 y
(2)
2 y
(1)
2
cy
(3)
3 (y
(2)
3 )
2y
(1)
3 + y
(3)
4 y
(2)
3 y
(1)
3 y
(2)
2 + y
(3)
4 y
(2)
4 y
(2)
2 y
(1)
2
,
c¯41 =
cc¯14 + c¯
2
4 + c¯
3
4 + c¯
4
4
c¯14 + c¯
2
4 + c¯
3
4 + c¯
4
4
,
c¯42 =
cc¯14 + cc¯
2
4 + c¯
3
4 + c¯
4
4
cc¯14 + c¯
2
4 + c¯
3
4 + c¯
4
4
,
c¯43 =
cc¯14 + cc¯
2
4 + cc¯
3
4 + c¯
4
4
cc¯14 + cc¯
2
4 + c¯
3
4 + c¯
4
4
,
c¯14 = y
(4)
4 (y
(3)
4 )
2(y
(2)
4 )
2y
(1)
4 ,
c¯24 = y
(2)
6 y
(3)
4 (y
(2)
4 )
2y
(1)
4 y
(3)
3 ,
c¯34 = y
(2)
6 y
(2)
5 y
(2)
4 y
(1)
4 y
(3)
3 y
(2)
3 ,
c¯44 = y
(2)
6 y
(1)
6 y
(2)
5 y
(3)
3 y
(2)
3 y
(1)
3 ,
c¯51 =
cy
(3)
5 (y
(2)
5 )
2y
(1)
5 + y
(2)
5 y
(1)
5 y
(4)
4 y
(3)
4 + y
(4)
4 y
(3)
4 y
(2)
4 y
(1)
4
y
(3)
5 (y
(2)
5 )
2y
(1)
5 + y
(2)
5 y
(1)
5 y
(4)
4 y
(3)
4 + y
(4)
4 y
(3)
4 y
(2)
4 y
(1)
4
,
c¯52 =
cy
(3)
5 (y
(2)
5 )
2y
(1)
5 + cy
(2)
5 y
(1)
5 y
(4)
4 y
(3)
4 + y
(4)
4 y
(3)
4 y
(2)
4 y
(1)
4
cy
(3)
5 (y
(2)
5 )
2y
(1)
5 + y
(2)
5 y
(1)
5 y
(4)
4 y
(3)
4 + y
(4)
4 y
(3)
4 y
(2)
4 y
(1)
4
,
c¯6 =
cy
(2)
6 y
(1)
6 + y
(3)
4 y
(2)
4
y
(2)
6 y
(1)
6 + y
(3)
4 y
(2)
4
.
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γ¯k(V2(y)) =


(y
(1)
0 )
2
y
(2)
2 y
(1)
2
, k = 0,
(y
(2)
2 )
2(y
(1)
2 )
2
y
(3)
3 y
(2)
3 y
(1)
3 y
(1)
0
, k = 2,
(y
(3)
3 )
2(y
(2)
3 )
2(y
(1)
3 )
2
y
(4)
4 y
(3)
4 y
(2)
4 y
(1)
4 y
(2)
2 y
(1)
2
, k = 3,
(y
(4)
4 )
2(y
(3)
4 )
2(y
(2)
4 )
2(y
(1)
4 )
2
y
(2)
6 y
(1)
6 y
(3)
5 y
(2)
5 y
(1)
5 y
(3)
3 y
(2)
3 y
(1)
3
, k = 4,
(y
(3)
5 )
2(y
(2)
5 )
2(y
(1)
5 )
2
y
(4)
4 y
(3)
4 y
(2)
4 y
(1)
4
, k = 5,
(y
(2)
6 )
2(y
(1)
6 )
2
y
(4)
4 y
(3)
4 y
(2)
4 y
(1)
4
, k = 6.
ε¯k(V2(y)) =


y
(2)
2
y
(1)
0
, k = 0,
y
(3)
3
y
(2)
2
(
1 +
y
(2)
3 y
(1)
0
y
(2)
2 y
(1)
2
)
, k = 2,
y
(4)
4
y
(3)
3
(
1 +
y
(3)
4 y
(2)
2
y
(3)
3 y
(2)
3
+
y
(3)
4 y
(2)
4 y
(2)
2 y
(1)
2
y
(3)
3 (y
(2)
3 )
2y
(1)
3
)
, k = 3,
y
(3)
5
y
(4)
4
(
1 +
y
(2)
6 y
(3)
3
y
(4)
4 y
(3)
4
+
y
(2)
6 y
(2)
5 y
(3)
3 y
(2)
3
y
(4)
4 (y
(3)
4 )
2y
(2)
4
+
y
(2)
6 y
(1)
6 y
(2)
5 y
(3)
3 y
(2)
3 y
(1)
3
y
(4)
4 (y
(3)
4 )
2(y
(2)
4 )
2y
(1)
4
)
, k = 4,
1
y
(3)
5
(
1 +
y
(4)
4 y
(3)
4
y
(3)
5 y
(2)
5
+
y
(4)
4 y
(3)
4 y
(2)
4 y
(1)
4
y
(3)
5 (y
(2)
5 )
2y
(1)
5
)
, k = 5,
y
(4)
4
y
(2)
6
(
1 +
y
(3)
4 y
(2)
4
y
(2)
6 y
(1)
6
)
, k = 6.
Proposition 4.3. The relation σ¯ec2 = e¯4
cσ¯ holds.
Proof. Set ec2(V1(x)) = V1(z), σ¯(V1(z)) = V2(y
′), σ¯(V1(x)) = V2(y) and e¯4
c(V2(y)) =
V2(w). We need to show that y
(l)′
m = w
(l)
m for (l,m) ∈ {(1, 0), (1, 2), (1, 3), (1, 4), (1, 5),
(1, 6), (2, 2), (2, 3), (2, 4), (2, 5), (2, 6), (3, 3), (3, 4), (3, 5), (4, 4)}. Let us check this
equality for l = 1 and the rest can be verified similarly.
• y
(1)′
0 =
z
(3)
6 z
(2)
6 z
(1)
6
z
(2)
5 z
(1)
5
=
x
(3)
6 x
(2)
6 x
(1)
6
x
(2)
5 x
(1)
5
= y
(1)
0 = w
(1)
0 .
• y
(1)′
2 =
(
z
(2)
5 z
(1)
5
z
(3)
6 z
(2)
6
+
z
(1)
6 z
(2)
5 z
(1)
5
z
(3)
6 z
(2)
4 z
(1)
4
+
z
(2)
6 z
(1)
6 z
(2)
5 z
(1)
5
z
(4)
4 z
(3)
4 z
(2)
4 z
(1)
4
)−1
=
(
x
(2)
5 x
(1)
5
x
(3)
6 x
(2)
6
+
x
(1)
6 x
(2)
5 x
(1)
5
x
(3)
6 x
(2)
4 x
(1)
4
+
x
(2)
6 x
(1)
6 x
(2)
5 x
(1)
5
x
(4)
4 x
(3)
4 x
(2)
4 x
(1)
4
)−1
= y
(1)
2 = w
(1)
2 .
• y
(1)′
3 =
(
z
(2)
6 z
(1)
6
z
(3)
5 z
(2)
4
+
z
(2)
6 z
(1)
6 z
(2)
5
z
(4)
4 z
(3)
4 z
(2)
4
+
z
(2)
6 z
(1)
4
z
(3)
5 z
(1)
3
+
z
(2)
6 z
(2)
5 z
(1)
4
z
(4)
4 z
(3)
4 z
(1)
3
+
z
(2)
6 z
(2)
4 z
(1)
4
z
(4)
4 z
(2)
3 z
(1)
3
+
z
(3)
4 z
(2)
4 z
(1)
4
z
(3)
3 z
(2)
3 z
(1)
3
)−1
=
(
y
(2)
6 y
(1)
6
y
(3)
5 y
(2)
4
+
y
(2)
6 y
(1)
6 y
(2)
5
y
(4)
4 y
(3)
4 y
(2)
4
+
y
(2)
6 y
(1)
4
y
(3)
5 y
(1)
3
+
y
(2)
6 y
(2)
5 y
(1)
4
y
(4)
4 y
(3)
4 y
(1)
3
+
y
(2)
6 y
(2)
4 y
(1)
4
y
(4)
4 y
(2)
3 y
(1)
3
+
y
(3)
4 y
(2)
4 y
(1)
4
y
(3)
3 y
(2)
3 y
(1)
3
)−1
= y
(1)
3 = w
(1)
3 .
• y
(1)′
4 =
(
z
(2)
5
z
(3)
6
+
z
(2)
6 z
(2)
5
z
(4)
4 z
(3)
4
+
z
(2)
5 z
(2)
4
z
(4)
4 z
(2)
3
+
z
(3)
4 z
(2)
4
z
(3)
3 z
(2)
3
+
z
(2)
5 z
(1)
3
z
(4)
4 z
(1)
2
+
z
(3)
4 z
(1)
3
z
(3)
3 z
(1)
2
+
z
(2)
3 z
(1)
3
z
(2)
2 z
(1)
2
)−1
=
(
x
(2)
5
x
(3)
6
+
x
(2)
6 x
(2)
5
x
(4)
4 x
(3)
4
+
x
(2)
5 x
(2)
4
x
(4)
4 x
(2)
3
+
x
(3)
4 x
(2)
4
x
(3)
3 x
(2)
3
+
x
(2)
5 x
(1)
3 (cx
(2)
2 x
(1)
2 +x
(2)
3 x
(1)
1 )
x
(4)
4 x
(1)
2 (cx
(2)
2 x
(1)
2 +cx
(2)
3 x
(1)
1 )
+
x
(3)
4 x
(1)
3 (cx
(2)
2 x
(1)
2 +x
(2)
3 x
(1)
1 )
x
(3)
3 x
(1)
2 (cx
(2)
2 x
(1)
2 +cx
(2)
3 x
(1)
1 )
+
x
(2)
3 x
(1)
3
cx
(2)
2 x
(1)
2
)−1
= (cx
(2)
2 x
(1)
2 +cx
(2)
3 x
(1)
1 )
((x(2)5
x
(3)
6
+
x
(2)
6 x
(2)
5
x
(4)
4 x
(3)
4
+
x
(2)
5 x
(2)
4
x
(4)
4 x
(2)
3
+
x
(3)
4 x
(2)
4
x
(3)
3 x
(2)
3
+
x
(2)
3 x
(1)
3
cx
(2)
2 x
(1)
2
)
(cx
(2)
2 x
(1)
2
+ cx
(2)
3 x
(1)
1 ) +
(x(2)5 x(1)3
x
(4)
4 x
(1)
2
+
x
(3)
4 x
(1)
3
x
(3)
3 x
(1)
2
)
(cx
(2)
2 x
(1)
2 + x
(2)
3 x
(1)
1 )
)−1
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=
(
x
(2)
5
x
(3)
6
+
x
(2)
6 x
(2)
5
x
(4)
4 x
(3)
4
+
x
(2)
5 x
(2)
4
x
(4)
4 x
(2)
3
+
x
(3)
4 x
(2)
4
x
(3)
3 x
(2)
3
+
x
(2)
5 x
(1)
3
x
(4)
4 x
(1)
2
+
x
(3)
4 x
(1)
3
x
(3)
3 x
(1)
2
+
x
(2)
3 x
(1)
3
x
(2)
2 x
(1)
2
)−1
×
((x(2)5
x
(3)
6
+
x
(2)
6 x
(2)
5
x
(4)
4 x
(3)
4
+
x
(2)
5 x
(2)
4
x
(4)
4 x
(2)
3
+
x
(3)
4 x
(2)
4
x
(3)
3 x
(2)
3
+
x
(2)
5 x
(1)
3
x
(4)
4 x
(1)
2
+
x
(3)
4 x
(1)
3
x
(3)
3 x
(1)
2
+
x
(2)
3 x
(1)
3
x
(2)
2 x
(1)
2
)
(cx
(2)
2 x
(1)
2
+ cx
(2)
3 x
(1)
1 )
)((x(2)5
x
(3)
6
+
x
(2)
6 x
(2)
5
x
(4)
4 x
(3)
4
+
x
(2)
5 x
(2)
4
x
(4)
4 x
(2)
3
+
x
(3)
4 x
(2)
4
x
(3)
3 x
(2)
3
+
x
(2)
3 x
(1)
3
cx
(2)
2 x
(1)
2
)
(cx
(2)
2 x
(1)
2
+ cx
(2)
3 x
(1)
1 ) +
(x(2)5 x(1)3
x
(4)
4 x
(1)
2
+
x
(3)
4 x
(1)
3
x
(3)
3 x
(1)
2
)
(cx
(2)
2 x
(1)
2 + x
(2)
3 x
(1)
1 )
)−1
= y
(1)
4
(
cy
(4)
4 (y
(3)
4 )
2(y
(2)
4 )
2y
(1)
4 +cy
(2)
6 y
(3)
4 (y
(2)
4 )
2y
(1)
4 y
(3)
3 +cy
(2)
6 y
(2)
5 y
(2)
4 y
(1)
4 y
(3)
3 y
(2)
3
+ cy
(2)
6 y
(1)
6 y
(2)
5 y
(3)
3 y
(2)
3 y
(1)
3
)(
cy
(4)
4 (y
(3)
4 )
2(y
(2)
4 )
2y
(1)
4 + cy
(2)
6 y
(3)
4 (y
(2)
4 )
2y
(1)
4 y
(3)
3
+ cy
(2)
6 y
(2)
5 y
(2)
4 y
(1)
4 y
(3)
3 y
(2)
3 + y
(2)
6 y
(1)
6 y
(2)
5 y
(3)
3 y
(2)
3 y
(1)
3
)−1
by Maple
= w
(1)
4 .
• y
(1)′
5 =
(
z
(2)
5
z
(4)
4
+
z
(3)
4
z
(3)
3
+
z
(2)
3
z
(2)
2
+
z
(1)
2
z
(1)
1
)−1
=
(
x
(2)
5
x
(4)
4
+
x
(3)
4
x
(3)
3
+
x
(2)
3 (x
(2)
2 x
(1)
2 +x
(2)
3 x
(1)
1 )
x
(2)
2 (cx
(2)
2 x
(1)
2 +x
(2)
3 x
(1)
1 )
+
x
(1)
2 (cx
(2)
2 x
(1)
2 +cx
(2)
3 x
(1)
1 )
x
(1)
1 (cx
(2)
2 x
(1)
2 +x
(2)
3 x
(1)
1 )
)−1
=
(
x
(2)
5
x
(4)
4
+
x
(3)
4
x
(3)
3
+
x
(2)
3
x
(2)
2
+
x
(1)
2
x
(1)
1
)−1
= y
(1)
5 = w
(1)
5 .
• y
(1)′
6 =
1
z
(2)
5
= 1
x
(2)
5
= y
(1)
6 = w
(1)
6 .

5. D
(1)
6 - Geometric Crystal V
In order to give V1 a g = D
(1)
6 -geometric crystal structure, we need to define the
actions of ec0, γ0, and ε0 on V1(x). We use the g1-geometric crystal structure on V2
to define the action of ec0, γ0, and ε0 on V1(x) as follows.
ec0(V1(x)) := σ¯
−1 ◦ eσ(0)
c ◦ σ¯(V1(x)) = σ¯
−1 ◦ e¯c6(V2(y)),(5.1)
γ0(V1(x)) := γσ(0) ◦ σ¯(V1(x)) = γ6(V2(y)).(5.2)
ε0(V1(x)) := εσ(0) ◦ σ¯(V1(x)) = ε6(V2(y)),(5.3)
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The following is the main result in this paper.
Theorem 5.1. The algebraic variety V = V1 = {V1(x), e
c
k, γk, εk | k ∈ I} is a
positive geometric crystal for the affine Lie algebra g = D
(1)
6 with the e
c
0, γ0, and
ε0 actions on V1(x) given by:
γ0(V1(x)) =
1
x
(2)
2 x
(1)
2
,
ε0(V1(x)) = K,
ec0(V1(x)) = V1(x
′) = V1(x
(3)′
6 , x
(4)′
4 , . . . , x
(1)′
6 ) where
D
(1)
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x
(1)′
1 =
x
(1)
1
c
, x
(1)′
2 =
x
(1)
2
c
, x
(2)′
2 =
x
(2)
2
c
,
x
(1)′
3 = x
(1)
3
K
K31
, x
(2)′
3 = x
(2)
3
K31
cK32
, x
(3)′
3 = x
(3)
3
K32
cK
,
x
(1)′
4 = x
(1)
4
K
K41
, x
(2)′
4 = x
(2)
4
KK41
K42
, x
(3)′
4 = x
(3)
4
K42
cKK43
,
x
(4)′
4 = x
(4)
4
K43
cK
, x
(1)′
5 = x
(1)
5
K
K51
, x
(2)′
5 = x
(2)
5
K51
cK
,
x
(1)′
6 = x
(1)
6
K
K61
, x
(2)′
6 = x
(2)
6
K61
K62
, x
(3)′
6 = x
(3)
6
K62
cK
.
Proof. Since V = V1 is a positive geometric crystal for g0, to show that it is a pos-
itive geometric crystal for g = D
(1)
6 , it suffices to show that the following relations
involving the 0-action hold (see Definition 1.1):
(1) γ0(e
c
k(V1(x))) = c
ak0γ0(V1(x)) for all k ∈ I
(2) γk(e
c
0(V1(x))) = c
a0kγk(V1(x)) for all k ∈ I
(3) ε0(e
c
0(V1(x))) = c
−1ε0(V1(x))
(4) ec10 e
c2
k = e
c2
k e
c1
0 for all k ∈ {1, 3, 4, 5, 6}
(5) ec10 e
c1c2
2 e
c2
0 = e
c2
2 e
c1c2
0 e
c1
2
Note that x
(1)′
1 = c
−1x
(1)
1 , x
(2)′
2 x
(1)′
2 = c
−2x
(2)
2 x
(1)
2 , x
(3)′
3 x
(2)′
3 x
(1)′
3 = c
−2x
(3)
3 x
(2)
3 x
(1)
3 ,
x
(4)′
4 x
(3)′
4 x
(2)′
4 x
(1)′
4 = c
−2x
(4)
4 x
(3)
4 x
(2)
4 x
(1)
4 , x
(2)′
5 x
(1)′
5 = c
−1x
(2)
5 x
(1)
5 , x
(3)′
6 x
(2)′
6 x
(1)′
6
= c−1x
(3)
6 x
(2)
6 x
(1)
6 . Relations (1) and (2) follows easily from the defined actions. For
example,
γ0(e
c
0(V1(x))) =
1
x
(2)′
2 x
(1)′
2
=
1
c−2x
(2)
2 x
(1)
2
= c2γ0(V1(x)) = c
a0,0γ0(V1(x)),
γ0(e
c
2(V1(x))) =
1
c2x
(2)
2 cc
−1
2 x
(1)
2
= c−1γ0(V1(x))) = c
a2,0γ0(V1(x)),
γ1(e
c
0(V1(x))) =
(x
(1)′
1 )
2
x
(2)′
2 x
(1)′
2
=
(c−1)2(x
(1)
1 )
2
c−2x
(2)
2 x
(1)
2
= c0γ1(V1(x)) = c
a0,1γ1(V1(x)).
Now we consider relation (3). We have
ε0(e
c
0(V1(x))) = x
(1)′
6 +
x
(1)′
5 x
(2)′
2 x
(1)′
2
x
(3)′
3 x
(2)′
3
+
x
(1)′
5 x
(1)′
3 x
(2)′
2
x
(2)′
4 x
(3)′
3
+
x
(1)′
4 x
(2)′
2
x
(3)′
3
+
x
(1)′
5 x
(2)′
3 x
(1)′
3
x
(3)′
4 x
(2)′
4
+
x
(1)′
4 x
(2)′
3
x
(3)′
4
+
x
(2)′
4 x
(1)′
4
x
(2)′
6
+
x
(2)′
2 x
(1)′
2
x
(3)′
6
+
x
(2)′
6 x
(2)′
2 x
(1)′
2
x
(4)′
4 x
(3)′
4
+
x
(2)′
4 x
(2)′
2 x
(1)′
2
x
(4)′
4 x
(2)′
3
+
x
(3)′
4 x
(2)′
4 x
(2)′
2 x
(1)′
2
x
(2)′
5 x
(3)′
3 x
(2)′
3
+
x
(1)′
3 x
(2)′
2
x
(4)′
4
+
x
(3)′
4 x
(1)′
3 x
(2)′
2
x
(2)′
5 x
(3)′
3
+
x
(2)′
3 x
(1)′
3
x
(2)′
5
= x
(1)
6 ·
K
K61
+
x
(1)
5 x
(2)
2 x
(1)
2
x
(3)
3 x
(2)
3
·
K2
K51K31
+
x
(1)
5 x
(1)
3 x
(2)
2
x
(2)
4 x
(3)
3
·
K2K42
K51K41K32K31
+
x
(1)
4 x
(2)
2
x
(3)
3
·
K2
K41K32
+
x
(1)
5 x
(2)
3 x
(1)
3
x
(3)
4 x
(2)
4
·
K2K43
K51K41K32
+
x
(1)
4 x
(2)
3
x
(3)
4
·
K2K43K31
K42K41K32
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+
x
(2)
4 x
(1)
4
x
(2)
6
·
K2K62
K61K42
+
x
(2)
2 x
(1)
2
x
(3)
6
·
K
cK62
+
x
(2)
6 x
(2)
2 x
(1)
2
x
(4)
4 x
(3)
4
·
K2K61
K62K42
+
x
(2)
4 x
(2)
2 x
(1)
2
x
(4)
4 x
(2)
3
·
K2K41K32
K43K42K31
+
x
(3)
4 x
(2)
4 x
(2)
2 x
(1)
2
x
(2)
5 x
(3)
3 x
(2)
3
·
K2K41
K51K43K31
+
x
(1)
3 x
(2)
2
x
(4)
4
·
K2
K43K31
+
x
(3)
4 x
(1)
3 x
(2)
2
x
(2)
5 x
(3)
3
·
K2K42
K51K43K32K31
+
x
(2)
3 x
(1)
3
x
(2)
5
·
K2
K51K32
= c−1K
((
K62K61K52K51K43K42K41K32K31
)
×
(
K62K61K52K51K43K42K41K32K31
)−1)
= c−1K = c−1ε0(V1(x)).
Next we show relation (4) hold for k = 1. It can be shown similarly that it holds
for k = 3, 4, 5, 6. We need to show that
ec10 e
c2
1 (V1(x)) = e
c2
1 e
c1
0 (V1(x)).
Set ec21 (V1(x)) = V1(z), e
c1
0 (V1(z)) = V1(z
′), ec10 (V1(x)) = V1(x
′) and ec21 (V1(x
′)) =
V1(u). We have to show that
z(l)
′
m = u
(l)
m
for (l,m) ∈ {(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (2, 2), (2, 3), (2, 4), (2, 5), (2, 6),
(3, 3), (3, 4), (3, 5), (4, 4)}. Since in this case z
(1)
1 = c2x
(1)
1 and z
(l)
m = x
(l)
m for
(l,m) 6= (1, 1) we have Kz = Kx,Kz31 = Kx31 ,Kz32 = Kx32 ,Kz41 = Kx41 ,Kz42 =
Kx42,Kz43 = Kx43 ,Kz51 = Kx51 ,Kz61 = Kx61 and Kz62 = Kx62 . Hence we have
the following.
• z
(1)′
1 =
z
(1)
1
c1
=
c2x
(1)
1
c1
= c2x
(1)′
1 = u
(1)
1 .
• z
(1)′
2 =
z
(1)
2
c1
=
x
(1)
2
c1
= x
(1)′
2 = u
(1)
2 .
• z
(2)′
2 =
z
(2)
2
c1
=
x
(2)
2
c1
= x
(2)′
2 = u
(2)
2 .
• z
(1)′
3 = z
(1)
3
Kz
Kz31
= x
(1)
3
Kx
Kx31
= x
(1)′
3 = u
(1)
3 .
• z
(2)′
3 = z
(2)
3
Kz31
c1Kz32
= x
(2)
3
Kx31
c1Kx32
= x
(2)′
3 = u
(2)
3 .
• z
(3)′
3 = z
(3)
3
Kz32
c1Kz
= x
(3)
3
Kx32
c1Kx
= x
(3)′
3 = u
(3)
3 .
• z
(1)′
4 = z
(1)
4
Kz
Kz41
= x
(1)
4
Kx
Kx41
= x
(1)′
4 = u
(1)
4 .
• z
(2)′
4 = z
(2)
4
KzKz41
Kz42
= x
(2)
4
KxKx41
Kx42
= x
(2)′
4 = u
(2)
4 .
• z
(3)′
4 = z
(3)
4
Kz42
c1KzKz43
=
Kx42
c1KxKx43
= x
(3)′
4 = u
(3)
4 .
• z
(4)′
4 = z
(4)
4
Kz43
c1Kz
= x
(4)
4
Kx43
c1Kx
= x
(4)′
4 = u
(4)
4 .
• z
(1)′
5 = z
(1)
5
Kz
Kz51
= x
(1)
5
Kx
Kx51
= x
(1)′
5 = u
(1)
5 .
• z
(2)′
5 = z
(2)
5
Kz51
c1Kz
= x
(2)
5
Kx51
c1Kx
= x
(2)′
5 = u
(2)
5 .
• z
(1)′
6 = z
(1)
6
Kz
Kz61
= x
(1)
6
Kx
Kx61
= x
(1)′
6 = u
(1)
6 .
• z
(2)′
6 = z
(2)
6
Kz61
Kz62
= x
(2)
6
Kx61
Kx62
= x
(2)′
6 = u
(2)
6 .
• z
(3)′
6 = z
(3)
6
Kz62
c1Kz
= x
(3)
6
Kx62
c1Kx
= x
(3)′
6 = u
(3)
6 .
D
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since u
(1)
1 = c2x
(1)′
1 and u
(l)
m = c2x
(l)′
m for (l,m) 6= (1, 1). Finally to show relation (5)
we observe that e¯6
c1 e¯4
c1c2 e¯6
c2 = e¯4
c2 e¯6
c1c2 e¯4
c1 since V2 is a g1-geometric crystal.
Hence by Proposition 4.3, we have
ec10 e
c1c2
2 e
c2
0 = σ¯
−1e¯6
c1 σ¯ec1c22 σ¯
−1e¯6
c2 σ¯
= σ¯−1e¯6
c1 e¯4
c1c2 e¯6
c2 σ¯ = σ¯−1e¯4
c2 e¯6
c1c2 e¯4
c1 σ¯
= ec22 σ¯
−1e¯6
c1c2 σ¯ec12 = e
c2
2 e
c1c2
0 e
c1
2 ,
which completes the proof. 
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